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ABSTRACT
Some beyondΛCDM cosmological models have dark-sector energy densities that suffer phase
transitions. Fluctuations entering the horizon during such a transition can receive enhance-
ments that ultimately show up as a distinctive bump in the power spectrum relative to a model
with no phase transition. In this work, we study the non-linear evolution of such signatures in
the matter power spectrum and correlation function using N-body simulations, perturbation
theory and HMCODE- a halo-model based method. We focus on modelling the response, com-
puted as the ratio of statistics between a model containing a bump and one without it, rather
than in the statistics themselves. Instead of working with a specific theoretical model, we in-
ject a parametric family of Gaussian bumps into otherwise standard ΛCDM spectra. We find
that even when the primordial bump is located at linear scales, non-linearities tend to produce
a second bump at smaller scales. This effect is understood within the halo model due to a
more efficient halo formation. In redshift space these nonlinear signatures are partially erased
because of the damping along the line-of-sight direction produced by non-coherent motions
of particles at small scales. In configuration space, the bump modulates the correlation func-
tion reflecting as oscillations in the response, as it is clear in linear Eulerian theory; however,
they become damped because large scale coherent flows have some tendency to occupy re-
gions more depleted of particles. This mechanism is explained within Lagrangian Perturbation
Theory and well captured by our simulations.
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1 INTRODUCTION
An understanding of the Universe within the context of the ΛCDM
model is by now well established. High-precision measurements,
such as those of the CMB from Planck (Planck Collaboration
2018) and large-scale structure in SDSS-IV collaboration (2020),
including Baryon Acoustic Oscillations (BAO) and Lyman-Alpha
forest observations, can individually be well understood within
ΛCDM. However, there exist some observational problems within
the model: there is a well-known tension in the estimated value of
the rate expansion of the Universe, H0, between early- and late-
time observations (e.g., Verde et al. 2019), which may indicate the
need to extend the ΛCDM model; and weak gravitational lensing
studies (e.g., Abbott et al. 2018; Hikage et al. 2019; Heymans et al.
2020) seem to prefer a lower fluctuation amplitude than would be
expected from CMB observations. Furthermore, from a theoretical
perspective, there is no comprehensive understanding of the nature
? E-mail: alejandro.aviles.conacyt@inin.gob.mx
of dark matter and dark energy that ΛCDM requires to together ac-
count for' 95 per cent of the energy density of the Universe today.
Extensions of the standard model of particle physics, such as
in grand-unification theories (Zyla et al. 2020), may account for
dark matter and dark energy. For example, the recently proposed
Bound Dark Energy (BDE) cosmology (de la Macorra & Almaraz
2018; Almaraz & de la Macorra 2019) introduces a dark gauge
group SU(3) similar to the strong QCD force in the standard model.
The particles in this gauge group are massless and their cosmic
abundance decays like radiation at early times. However, the un-
derlying non-perturbative dynamics cause a phase transition to take
place, at a scale factor ac, and the elementary particles form mas-
sive bound states (equivalent to mesons and baryons in the stan-
dard model of particle physics) and the lightest scalar field φ cor-
responds to dark energy. The energy density of BDE dilutes as
ρ ∼ a−6 at the phase transition scale factor ac and remains sub-
dominant for a long period of time. Eventually BDE reappears dy-
namically close to present time, thus accelerating the expansion of
the universe. The transition leaves imprints on large-scale structure
statistics Almaraz et al. (2020) – for a model independent analy-
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2sis see Jaber-Bravo et al. (2020) – and a signature is generated at a
scale kT entering the horizon about the phase-transition time, which
shows up as a ‘bump’ in the matter power spectrum. We call mod-
els that generate features through phase transitions Rapid Diluted
Energy Density (RDED) de la Macorra & et al. (2020), and BDE
is one such example. Locating unusual features in the power spec-
trum may help in elucidating the nature of dark energy, dark matter
or physics beyond the standard model.
In this work we are motivated by RDED effects in the lin-
ear matter power spectrum. However, we will work in a model-
independent way by introducing a parametrized bump to the linear
matter power spectrum that will vary in position and width. We
study the signatures imprinted in the linear matter power spectrum
and we follow them beyond the linear regime using different, but
complementary, tools.
Higher-order Perturbation theory (e.g., Bernardeau et al.
2002) (PT) approaches can successfully describe the intermediate,
quasi-linear scales of the matter clustering, with different perturba-
tive schemes having different advantages. For instance, Lagrangian
Perturbation Theory (LPT) is very accurate in modelling the two-
point correlation function, particularly the smearing and shift of the
Baryon Acoustic Oscillation (BAO) peak, which although located
at a large scale (∼ 100 h−1Mpc), is not well captured by the linear
theory. On the other hand, Standard (Eulerian) Perturbation The-
ory (SPT) is more successful in describing the broadband power
spectrum, but poorly models the BAO (e.g., Tassev 2014; Baldauf
et al. 2015). As soon as non-linearities become dominant, field ex-
pansions become meaningless and perturbative approaches break
down. At this stage, the dynamics of the self-gravitating dark matter
system can be tracked accurately by N-body simulations, although
these have the disadvantage of being computationally expensive. T
he non-linear dark matter statistics, however, can be described via
so-called halo models (e.g., Seljak 2000; Peacock & Smith 2000;
Cooray & Sheth 2002).
How to accurately model the power spectrum for standard
ΛCDM cosmologies, with standard linear spectra, has been studied
in detail: PT provides high accuracy at large scales or high redshifts
Bernardeau et al. (2002), whereas at more deeply non-linear scales
one can either use fitting functions (e.g., Smith et al. 2003; Taka-
hashi et al. 2012), halo-model based methods (e.g., HMCODE: Mead
et al. 2015, 2016; Mead et al. 2020b) or emulators (e.g., Lawrence
et al. 2010, 2017), all of which have been tuned to reproduce the
power spectra measured in accurate, high-resolution simulations.
Recently, attention has been focused on modelling the power spec-
trum ‘response’, which is the ratio of two power spectra, with the
numerator typically the cosmology of interest and the denomina-
tor typically a cosmology whose power spectrum is well known.
The response has the virtue of being both easier to simulate, requir-
ing only moderate resolution simulations, and easier to model. It
has been shown that the response can be accurately modelled for
dark-energy cosmologies (Casarini et al. 2016; Mead 2017), modi-
fied gravity (Cataneo et al. 2019), massive neutrinos (Cataneo et al.
2020) and even for the effects of baryonic feedback (Mead et al.
2020a). Once an accurate model for the power-spectrum response
has been developed, this can simply be converted into an accurate
model for the power spectrum by multiplying by an accurate model
for the power spectrum of the cosmology that appeared in the de-
nominator when creating the response. This could be from a high-
resolution simulation, fitting function, HMCODE or an emulator.
In this work we study the non-linear behavior of signatures
in two-point statistics that can be approximated by a bump in the
linear power spectrum, with our bump cosmology parametrized as
in equation (9). We are mostly interested in the response of the
bump cosmology compared to a standard ΛCDM cosmology with
no bump. Henceforth, our response functions are constructed sim-
ply by taking the ratios of non-linear statistics of cosmologies with
bumps to a standard ΛCDM cosmology with no bump. We use
complementary approaches to model non-linearities, for the real
space power spectrum, we use 1-loop SPT,1 the HMCODE model2,
and low-resolution N-body simulations. We further consider the ef-
fect of redshift space distortions in the power spectrum using the
TNS model (Taruya et al. 2010) and the model of Scoccimarro
(2004). The non-linear correlation function is obtained through
the Convolution-LPT (CLPT) of Carlson et al. (2012); Vlah et al.
(2015).
This paper is organized as follows. In Section 2 we review
how cosmic phase transitions lead to different cosmological fea-
tures; this section can be safely skipped by the reader interested in
the more phenomenological aspects of our work. In Section 3 we
introduce the parametric bump cosmology to be used in the rest of
the work and we present specifications of our N-body simulations
suite employed to test the analytical methods. We also review dif-
ferent analytical models to describe the redshift and real space mat-
ter power spectrum, as well as the correlation function. In Section
4, we present the numerical and analytical results for the response
functions. Finally we conclude in Section 5.
2 FEATURES IN THE POWER SPECTRUM: BUMPS
Models beyond ΛCDM may leave different detectable features in
the matter power spectrum P(k,a). These features can have dif-
ferent origins. For instance, in modifications of General Relativity,
as in Hordenski models Bellini et al. (2016); Pogosian & Silvestri
(2016); Bayarsaikhan et al. (2020); Shi et al. (2020) or changes in
the evolution of the energy density, sound speed cs and anisotropic
stress of the dark matter or dark energy Linton et al. (2018); de Put-
ter et al. (2010); Koivisto & Mota (2006); Garcia-Arroyo et al.
(2020); Mastache & de la Macorra (2019); Chandrachani Devi et al.
(2019); Almaraz et al. (2020),as well having non-adiabatic terms
which may arise if we have different rest frames of these dark flu-
ids. Besides the effect of structure formation due to the dark sector,
the amount of baryonic matter GÃl’nova-Santos et al. (2015); Grif-
fiths et al. (2001), deviations in the primordial power spectrum Ps
Kumazaki et al. (2011) and particle content beyond ΛCDM plays a
significant role in the determination of the matter power spectrum.
Deviations from ΛCDM cosmologies impact the evolution of
the energy density evolution ρ(t,x) at both the level of the back-
ground and level of the density perturbations. The background evo-
lution has a direct effect on cosmological distances, changing for
example the acoustic scale rs(a?) or angular distances DA(a) or
the growth of structure δρ(t,x) leaving important signatures in the
matter power spectrum as for example in Perenon et al. (2015);
Gallego Cadavid et al. (2016); Batista & Pace (2013); Lee (2014);
Gil-Marin et al. (2012).
Another possibility considers the addition of extra radiation
at early epochs, before recombination, to reconcile the sound hori-
zon size with the current value of the Hubble constant. In this type
of extension, as a consequence of the additional extra relativistic
species, the expansion rate and the growth of matter over-densities
1 Recently, it has been shown that features in the power spectrum can be
indeed well modeled within PT (Chen et al. 2020).
2 https://github.com/alexander-mead/HMcode
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are affected, leaving detectable signals in the matter power spec-
trum. This extra density, henceforth ρex, may be considered in a cer-
tain context as extra radiation or have the generic name early dark
energy (EDE) Linder & Robbers (2008); Calabrese et al. (2011).
However, there is no precise definition of EDE models and they
may differ significantly on the evolution of the equation of state
(EoS) wex = pex/ρex. For example, earlier efforts of EDE had an
EoS close to w = −1 at present time but significant deviations
from w=−1 for low redshift, e.g. z=O(1−10) Bartelmann et al.
(2006); Grossi & Springel (2009); Fontanot et al. (2012); Francis
et al. (2008), while more recently EDE models have w = −1 for
z< 1000 Klypin et al. (2020); Poulin et al. (2019) similar to in the
BDE model de la Macorra & Almaraz (2018).
2.1 Rapid Diluted Energy Density (RDED)
We are interested in the cosmological consequences, and particu-
larly imprints on the matter power spectrum, generated by an ex-
tra energy density ρex, beyond the standard ΛCDM, for a ≤ ac,
which dilutes rapidly after a transition takes place at the scale fac-
tor ac, and with a mode kc = acH(ac) crossing the horizon at such a
time. For definiteness, we will assume that such component, hence-
forth called Rapid Diluted Energy Density (RDED) de la Macorra
& et al. (2020), tracks the leading background energy density, in ei-
ther radiation, matter or DE domination epochs and we study these
different cases.
Let us consider a ΛCDM cosmology with and additional en-
ergy density ρex, and cosmic abundance
Ωex ≡ ρexρsm+ρex = 1−
H2sm(a)
H2smx(a)
, (1)
where H2sm and H
2
smx are the Hubble parameters for the model with
and without the RDED component, respectively.We consider the
case for which Ωex is a constant for a≤ ac, i.e. ρex tracks the lead-
ing background energy density with wex = wsm at the time of the
transition (wsm = 1/3 in radiation and wsm = 0 in matter domina-
tion) and a rapid dilution of ρex takes place at ac. At this time the
EoS wex ≡ pex/ρex suffers a transition from wc ≡ wex(ac) = wsm
for a ≤ ac to w f ≡ w(a f ) > wc for a f > ac. The value of ∆w ≡
w f −wc > 0 and the width ∆a ≡ (a f − ac)/ac set the steepness
of the transition of the energy density of ρex(ac), i.e. how fast it
dilutes. For a> ac we have
ρex
ρsm
=
(
a
ao
)−∆w
, (2)
with ∆w ≡ w f −wc and for wc = 1/3,w f = 1 we have ∆w = 2/3
the amount of extra energy density Ωex will decrease. Notice that
we would expect a massive particle to go from being relativistic for
T/m 1 with wc = 1/3 to non-relativistic T/m 1 with w f = 0
giving a negative ∆w= w f −wc =−1/3 and an increasing Ωex.
This property is not accomplished by an RDED component,
hence it is beyond the standard model. However, it can be imple-
mented using a scalar field φ , with energy density ρφ = Ek+V and
pressure pφ = Ek−V , where Ek is the kinetic term andV the poten-
tial energy (for a review see Copeland et al. 2006). The evolution
of the homogeneous scalar field φ(t) is given by the Klein Gordon
equation
φ¨ +3Hφ˙ + dVdφ = 0. (3)
Widely used scalar potentials are either exponential or inverse
power laws Steinhardt et al. (1999); de la Macorra & Stephan-Otto
(2002), e.g.
V (φ) = Λ4e−αφ , V = Λ4+nφ−n (4)
with n a dimensionless constant while Λ,α−1 have mass dimen-
sion. These potentials V have different behaviours depending on
the value of the parameters and the initial conditions of the scalar
field. The energy density ρφ can track the background evolution
(named tracker fields Steinhardt et al. (1999); Armendariz-Picon
et al. (2001)) either in radiation or matter domination with wi = 0
or wi = 1/3 and later leap to w f = 1 (forV  Ek) for a long period
of time, diluting ρφ and generating a rapid dilution ρex situation.
For example, for inverse power low (IPL) scalar field poten-
tial V = Λ4+nφ−n de la Macorra & Stephan-Otto (2002) the evolu-
tion of φ goes through an epoch of kinetic-term domination with
w = 1, before transitioning to potential-term domination region
with w = −1 to finally grow to a value w ≈ −0.9 close to present
time for n ∼ 1 Chevallier & Polarski (2001); Linder (2003) and
de la Macorra & Stephan-Otto (2002); de la Macorra & Piccinelli
(2000) while BDE model has n = 2/3 de la Macorra & Almaraz
(2018). On the other hand a value of n> 5 has a tracking behaviour,
i.e. the scalar field abundance evolves as the dominant background
energy density, but these models have an EoS w > −0.7 and are
ruled out by current cosmological observations Planck Collabora-
tion (2018). Models with n< 2 are viable as DE models.
An example of an IPL model is BDE, which is derived from
particle physics where the fundamental particles are massless and
contained in a gauge group similar to the strong QCD force, how-
ever due to the underlying dynamics they develop a IPL potential
with n = 2/3 at the transition with a scale factor ac ∼ 10−6. In
this case the EoS is wc = 1/3 at early times and at ac it leads to
w f = 1 to a later evolve to w ∼ −1 at z ∼ 1000 and finally ending
up at a value of w ∼ −0.93 at present time. The complete evo-
lution of w(φ) is a consequence of the dynamics of the equation
of motion and is not set by hand. The BDE example satisfies the
condition (∆w = w f −wc > 0) of RDED twice. The first is during
radiation domination at ac ∼ 10−6 with a kc = 0.94 and the sec-
ond takes place close to present time (z∼ 0.28). The transitions we
have been studying here are clearly beyond the standard model of
particle physics but are expected in phase transitions for dynamical
scalar fields and are motivated to explain the nature of dark energy.
2.2 Evolution of matter perturbations in RDED models
Matter perturbations are affected by RDED, leaving distinctive fea-
tures in cosmological observables such as the matter perturbations.
The amplitude of these perturbations is increased in RDED cos-
mology compared to a standard ΛCDM cosmology, and a bump
feature is produced in the ratio of power spectrum Psmx/Psm. The
bump is generated for modes k > kc, with kc ≡ acH(ac), entering
the horizon at a scale factor a< ac.
We will sketch how this bump is generated and we will study
in detail the properties of these bumps in both the linear and non-
linear approach. Let us explore here the linear regime of matter
density fluctuations. In this case, the evolution of CDM perturba-
tions obey the equation of motion:
δ ′′c +H δ ′c−
3
2
H 2∑
i
Ωiδi(3c2s,i+1) = 0 , (5)
where the sum runs over all the fluids with sound speed c2s,i =
δPi/δρi and the prime denotes derivatives with respect to confor-
mal time, withH = a′/a. We see that the ρex has a twofold effect
MNRAS 000, 1–14 (2020)
4on matter perturbations by modifying first the expansion rate H ,
and second by the adding of an extra source term proportional to
Ωexδex.
Initially, for modes outside the horizon, the matter perturba-
tions do not evolve over time, leaving the ratio Qm ≡ δ smxm /δ smm
fixed. However, matter perturbations in the model with ρex are ini-
tially suppressed compared to a ΛCDM model because the ini-
tial amplitude of the matter perturbations, through the gravita-
tional potential Ψ, depends on the fraction of relativistic particles
Rν = ρe f f /(ρe f f +ργ ), with ργ the density of photons, ρsme f f = ρν
and ρsmxe f f = ρν + ρex giving an initial suppression factor Qini =
(1+(4/15)Rsmν )/(1+(4/15)R
smx
ν ), which depends solely on ρex.
Modes start evolving once they cross the horizon ah, defined
implicitly in terms of the Hubble radius by k= ahH(ah). However,
there is a marked difference depending on whether they cross be-
fore ac, with a corresponding mode kc ≡ acH(ac), or after the extra
energy density ρex has diluted. Small modes k> kc are further sup-
pressed with respect to ΛCDM because the crossing time in this
case is delayed by the presence of the ρex . Comparing the same
kh = (ahH(ah))
∣∣
smx = (ahH(ah))
∣∣
sm we have
asmxh
asmh
=
Hsm
Hsmx
=
1√
1−Ωex
, (6)
and therefore small modes k > kc cross the horizon earlier in
ΛCDM than in ΛCDMex. This is reflected in an early suppression
in ∆δm = δρsmxm /δρsmm , supplemented by a smaller amplitude at
horizon crossing. However, after the initial suppression at horizon
crossing, matter perturbations in the smx model have a higher grow-
ing rate than in the ΛCDM model that not only compensates but
also reverses the initial suppression (de la Macorra & et al. 2020).
In radiation domination the matter perturbations evolve as
δm ∝ lna with the growth function f = d lnδm/d lna ∝ 1/δm, and
since δm(smx) < δm(sm) and f (smx) > f (sm) and Qm increases.
This increase is boosted by the rapid dilution of ρex, where the EoS
leaps abruptly from wi = 1/3 to w f = 1 at ac affecting only the
modes crossing the horizon before ac, i.e. k ≥ kc. This is the char-
acteristic signature of RDED and was presented in Almaraz & de la
Macorra (2019) and Jaber-Bravo et al. (2020). However, to fully
asses the growth of structure in these RDED cosmologies we must
go beyond the linear regime, which is the main goal of this work.
To gain physical intuition on how the rapid diluted energy
density affects matter-density fluctuations well inside the radiation
dominated epoch we can analyze a simplified version of the equa-
tions where the gravitational potentials are subdominant: We can
estimate this increase in radiation domination, where the amplitude
δm = δρm/ρm has a logarithmic growth
δm(a) = δmi [ln(a/ah)+1/2] , (7)
with ah and Hh the scale factor and Hubble parameter at horizon
crossing. We compare the evolution of the same mode ksmx = ksm
crossing the horizon before ac and using equations (7) and (6)
we find the ratio ∆δm = δ smxm /δ smm = (δ smxmi /δ
sm
mi )([ln(a/a
smx
h ) +
1/2]/[ln(a/asmh ) + 1/2]). The evolution of ∆δm after the RDED
transition takes place at ac is given by de la Macorra & et al. (2020)
∆δm =
δ smxmi
δ smmi
[(
Hsmx+
Hsmx−
)
ln
(
a
ac
)
+ ln
(
asmh
asmxh
)
+ ln
(
ac
asmh
)
+ 12
]
ln
(
a
ac
)
+ ln
(
ac
asmh
)
+ 12
, (8)
where we have taken into account in ΛCDMx the contribution of
ρex in Hsmx+ (ac) for a < ac and ρex = 0 in Hsmx− (ac) for a > ac,
giving the ratio Hsmx− /Hsmx+ = asmxh /a
sm
h =
√
1−Ωex (c.f. equa-
tion (6)). The matter power spectrum therefore shows a bump for
modes ∆δm for a ac for modes k> kc entering the horizon before
ac when we compare RDED and ΛCDM cosmologies.
3 MODELLING THE MATTER POWER SPECTRUM
To encompass a range of theoretical models, we choose to work
with a parametrization that we refer throughout as the ‘bump cos-
mology’, where the linear power spectrum is given by a modifica-
tion to that of a standard ΛCDM cosmology:
Pbump(k,z) =
[
1+F(k)
]
PΛCDM(k,z) , (9)
with
F(k) = Aexp
(
− [ln(k/kT)]
2
σ2
)
. (10)
A, kT and σ are the amplitude, scale, and width of the bump, re-
spectively. We considered other choices for the function F(k), such
as a Gaussian in k-space, and found qualitatively similar results.
We consider nine different bump cosmologies, in each case we
fix the amplitude A= 0.15. We choose this amplitude motivated by
BDE, where the energy density of the dark sectorΩBDE(ac) = 0.11
dilutes rapidly at ac = 2.48×10−6 due to a phase transition of the
underlying physics and rendering a ΩBDE  1 at scales a > ac.
Meanwhile, the width of the bump corresponds to how fast the
rapid diluted energy density takes place, for which we investigate
three different values: σ = 1.0, 0.3, and 0.1, and place the bump at
three different scales: kT = 0.05, 0.1, and 1hMpc−1 (see Table 1).
We study structure formation in these bump cosmologies at the red-
shifts z= 0, 0.5, 1, 2, 3, and 4. The cosmological parameters used to
generate the ΛCDM power spectrum are reported below in Section
3.1 and are the same in both the bump and standard cosmologies,
so that the only difference between the models is the presence of
the bump.
We investigate the response of the real-space matter power
spectra and correlation functions together with the redshift-space
multipole power spectra. We construct the response as the ratio of
the measurement or prediction between a bump and ΛCDM cos-
mology. We consider different approaches for the non-linear the-
ory: moderate-resolution N-body simulations, and HMCODE. In ad-
dition, for the real-space power spectra we also consider one-loop
SPT, for the redshift-space multipole power spectra we use the TNS
and Scoccimarro models and finally, for the real-space correlation
function we use CLPT.
3.1 N-body simulations
We ran 12 N-body simulations using the cosmological simulation
code GADGET-2 (Springel 2005), one each for the cosmologies de-
tailed in Table 1. We assume a background ΛCDM cosmology with
total matter density Ωm = 0.3, baryon density Ωb = 0.05, dark en-
ergy density ΩΛ = 0.7, amplitude of the matter power spectrum
σ8 = 0.8, spectral index ns = 0.96, and dimensionless Hubble con-
stant h = 0.7. Initial conditions were generated at z = 99 using
NGENIC,3which implements the Zeldovich approximation to dis-
place particles from an initially Cartesian grid and assigns them
velocities based on a ballistic trajectory. We chose to run simula-
tions with different box sizes for the different kT values, to ensure
3 https://www.h-its.org/2014/11/05/ngenic-code/
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Name A σ kT [hMpc−1] Lbox [h−1Mpc]
FATBUMP-K1 0.15 1.0 1.0 256
MEDBUMP-K1 0.15 0.3 1.0 256
THINBUMP-K1 0.15 0.1 1.0 256
ΛCDM-K1 − − − 256
FATBUMP-K0P1 0.15 1.0 0.1 512
MEDBUMP-K0P1 0.15 0.3 0.1 512
THINBUMP-K0P1 0.15 0.1 0.1 512
ΛCDM-K0P1 − − − 512
FATBUMP-K0P05 0.15 1.0 0.05 1024
MEDBUMP-K0P05 0.15 0.3 0.05 1024
THINBUMP-K0P05 0.15 0.1 0.05 1024
ΛCDM-K0P05 − − − 1024
Table 1. Specifications of our N-body simulation suite. The background cosmological parameters are the same for all the simulations: Ωm = 0.3, Ωb = 0.05,
ΩΛ = 0.7, Ων = 0, h = 0.7, ns = 0.96, σ8 = 0.8. Each simulation uses 5123 particles distributed over Ngrid = 5123 cells. We consider the redshifts z =
0,0.5,1,2,3,4.
that there was always a good sampling of modes around kT . The
box sizes of the simulations are Lbox = 256, 512 and 1024h−1Mpc,
for kT = 0.05, 0.1 and 1hMpc−1 respectively. Each simulation uses
5123 particles to approximate the density field, which is quite mod-
est compared to modern simulation standards. One may worry that
measurements from these simulations would be systematically bi-
ased as a result of the low mass resolution. However, we checked
for convergence with respect to low-resolution 2563 particle simu-
lations and found that our results for the power spectrum response
were only significantly affected (> 1 per cent) on scales smaller
than half of the particle Nyquist frequency, although there were
some noticeable, sub per-cent differences for scales as large as one
tenth of the particle Nyquist frequency. This is different to a gen-
eral suppression that affects the power spectrum (rather than the re-
sponse) when using low-resolution simulations (Mead et al. 2015),
and must be because some of the bias in power that arises when
using a low particle number cancels when constructing a response;
so the same (or a similar) bias must occur in the cosmologies of
both the numerator and denominator that make up the response.
3.2 HMCODE
We look at predictions for the non-linear matter power spectrum
of our cosmological models using the HMCODE (Mead et al. 2015)
model. HMCODE is an augmented version of the traditional halo-
model calculation for the non-linear power spectrum (e.g., Seljak
2000; Peacock & Smith 2000; Cooray & Sheth 2002) where the
augmentations account for defects and replace ingredients that are
missing from the standard halo-model calculation. This improves
the accuracy of the calculation from ∼ 30 per cent to ∼ 5 per cent
for a wide range of cosmologies and redshifts. HMCODE takes as
input the linear power spectrum of the cosmology in question, and
then uses some information about the background cosmological pa-
rameters and power-spectrum shape and amplitude in order to make
its predictions. Although HMCODE was not calibrated on the bump
cosmologies investigated in this paper, the grounding of the model
in physical reality means that we can hope that it will make reason-
able predictions. HMCODE models the power spectrum as a sum
of (almost) linear theory and a one-halo term, which accounts for
small-scale, deeply non-linear power under the assumption that all
such power originates from the clustering within haloes. The bump
cosmologies will therefore affect the HMCODE predictions in two
ways. The first, is trivially that the HMCODE prediction at large
scales is essentially linear theory and because linear theory con-
tains the bump then so will HMCODE. The second, is that within
HMCODE the one-halo power is determined by the halo mass func-
tion, which itself depends on the linear power spectrum via the vari-
ance in the power spectrum as a function of scale. The bump will
therefore affect the halo mass function and we expect that it will
boost the predicted numbers of haloes in certain mass ranges.
Before running HMCODE, we can make the prediction that it
should generally boost power in the one-halo term for a bump cos-
mology compared to a cosmological model that lacks a bump. The
traditional halo model calculation has a problem in the transition
region between the two- and one-halo terms (k ∼ 0.05hMpc−1 at
z = 0), and generically underestimates the true non-linear power
spectrum in this region; this probably arises due to an improper
treatment of non-linear halo bias (Smith et al. 2007). The solution
to this problem in HMCODE is a smoothing of the transition re-
gion. Based on this discussion, we could predict that the HMCODE
predictions for the bump cosmologies may be better in the deeply
one-halo regime (k > 1hMpc−1), and that they may be less im-
pressive in the transition region. In the linear region they should be
perfect, given that the HMCODE prediction is identical to linear the-
ory at large scales. In the quasi-linear regime (k ∼ 0.1hMpc−1 at
z = 0) we would expect perturbation theory to perform better than
HMCODE since the latter lacks any formal grounding in analytical
perturbation theory.
3.3 Standard perturbation theory
In this paper we consider two variations of perturbation theory,
the first, ‘standard’ perturbation theory is constructed in Eulerian
space, where we consider the evolution of the density field at
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6fixed positions. We consider the phenomenological, but physically
well motivated, redshift-space models of Scoccimarro (2004) and
Taruya et al. (2010) to describe the redshift-space power spectrum,
which improve the description of redshift-space distortion (RSD)
effects on the power spectrum compared to Kaiser linear theory
Kaiser (1987). In the following we shall refer to these models as
Sc04 and TNS, respectively.
The anisotropic redshift-space clustering originates from the
peculiar velocities v of matter, or more generally any tracer of it,
such that an object located at a real space position r is observed
to be located at an apparent redshift-space position s. The relation
between coordinates system is inferred via the Doppler effect to
be s = r+ nˆv‖(aH)−1, where nˆ is a the line-of-sight direction of
the point-process sample, and v‖ = v · nˆ. That is, we are using the
plane-parallel approximation on which the observer is located at a
distant position of the sample of objects over which we perform the
statistics. The redshift-space power spectrum, 〈|δ s(k)|2〉 is given
by
Ps(k) =
∫
d3r eik·r
〈
eikµ∆v‖/(aH)
(
δ (x)− 1
aH
∇‖v‖(x)
)
×
(
δ (x′)− 1
aH
∇‖v‖(x′)
)〉
(11)
where r= x−x′ and ∆v‖ = v‖(x)−v‖(x′) and µ = nˆ · kˆ is the angle
between the wave vector and the line-of-sight direction.
The RSD correction at linear order, known as the Kaiser
formula, is given by δ sL(k) = (1 + fµ
2)δL(k), where f =
d logD+(a)/d loga(t) and D+(t) the linear growth function. The
redshift-space power spectrum at linear order becomes
PsK(k,µ) = (1+ fµ
2)2PL(k). (12)
To move beyond linear theory it is common to define the di-
mensionless velocity divergence θ =−∇·v/(aH f ), such that at lin-
ear order we have θ = δ .
The exponential oscillatory factor inside the correlator in
equation (11) is due to virialized, non-coherent random motions
of dark-matter particles along the line-of-sight direction, hence it is
in essence non-perturbative. In (Scoccimarro 2004) this factor is re-
placed by a phenomenological damping function that accounts for
the velocity dispersion σ2v = 〈θ2〉. By rotational symmetry around
the line-of-sight direction one obtains a simple prescription
PsSc04(k,µ) = exp
[− k2µ2 f 2σ2v ]
×
[
Pδδ (k)+2 fµ2Pδθ (k)+ f 2µ4Pθθ (k)
]
, (13)
where Pδδ , Pθθ and Pδθ are respectively the non-linear matter den-
sity, velocity divergence, and density-velocity divergence power-
spectra. In linear theory equation (13) reduces to the Kaiser power
spectrum (equation 12) times the damping factor. Several other
functional forms for this damping factor have been used in the liter-
ature. In this work, we opt for the most common – Gaussian damp-
ing. The velocity dispersion is physically motivated to be given by
PT as
σ2v =
1
6pi2
∫
dp p2Pθθ (p), (14)
but due to its non-perturbative origin it is commonly replaced by a
free parameter σ2FoG, especially for parameter estimation. However
in this work, we regard σ2v as the linear velocity dispersion, which
is obtained from the above equation by replacing Pθθ by its linear
value PL. This prescription has shown to give good results when
comparing theory to simulations (e.g., Taruya et al. 2010).
The TNS formalism, on the other hand, expands in cumulants
the correlator in equation (11), and then replaces a residual expo-
nential factor of the form exp
[〈eikµ∆v‖/(aH)〉c], by a position inde-
pendent, phenomenological damping factor that can be brought out
of the integral. The standard formula for TNS is
PsTNS(k,µ) =exp(−k2µ2 f 2σ2v )
[
Pδδ (k)+2 fµ2Pδθ (k)
+ f 2µ4Pθθ (k)+A(k,µ)+B(k,µ)], (15)
where the new correction terms, A(k,µ) and B(k,µ), are given by
A(k,µ) = 2kµ f
∫ d3p
(2pi)3
p · nˆ
p2
Bσ (p,k−p,−k), (16)
B(k,µ) = (kµ f )2
∫ d3p
(2pi)3
F(p)F(k−p), (17)
with the bispectrum
(2pi)3δD(k1 +k2 +k3)Bσ (k1,k2,k3) =
〈
θ(k1)
×
[
δ (k2)+ f
(k2 · nˆ)2
k22
θ(k2)
][
δ (k3)+ f
(k3 · nˆ)2
k23
θ(k3)
]〉
,
(18)
and
F(p) =
p · nˆ
p2
(
Pδθ (p)+ f
(p · nˆ)2
p2
Pθθ (p)
)
. (19)
Hence, the TNS model partially accounts for the interaction be-
tween the Kaiser effect and the non-linear random motion of parti-
cles, reflected in the two extra functions A and B. On the other hand,
the Sc04 model factorizes the linear and Finger-of-God effects, so
each can be treated separately.
The real-space matter power spectrum is given by Pδδ (k) =
〈|δ (k)|2〉, which can be obtained from both of the above redshift-
space formalisms by considering only the perpendicular to line-
of-sight components (i.e., µ = 0). After that, one can simply use
rotational symmetry to obtain the 1-loop SPT power spectrum
PSPT1-loop(k, t) = PL(k)+P22(k)+P13(k), (20)
where P22 and P13 are the usual 1-loop corrections (e.g.,
Bernardeau et al. 2002). The linear power spectrum is the dominant
term at large scales. However, at smaller scales, the loop corrections
contribute with similar magnitude to the linear power, therefore sig-
nificantly contributing to the total power spectrum.
3.4 Lagrangian Perturbation Theory
In contrast to the Eulerian scheme, in a Lagrangian picture we fol-
low the trajectories of individual particles with initial position q
and current position x. The Lagrangian coordinates q are related to
the Eulerian coordinates x through the coordinates transformation
x(q, t) = q+Ψ(q, t), (21)
where Ψ(q, t) is the Lagrangian displacement and Ψ(q, t = tini) =
0, meaning that at a sufficiently early time tini both coordinates
system coincide. Furthermore, mass conservation implies the rela-
tion between Lagrangian displacements and overdensities (Taylor
& Hamilton 1996)
1+δ (x, t) =
∫
d3qδD[x−q−Ψ], (22)
from which the LPT correlation function is obtained as
1+ξ (r) =
∫ d3k
(2pi)3
∫
d3qeik·(r−q)〈e−ik·∆〉, (23)
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where ∆i =Ψi(q2)−Ψi(q1) are the Lagrangian displacement dif-
ferences at two positions q1 and q2 separated by a distance q =
|q2 − q1|. The idea behind CLPT is to expand the correlator in
eq. (23) in cumulants and thereafter to expand out of the exponen-
tial all but linear terms in the Lagrangian displacement, such that
the k-integral can be performed analytically using standard Gaus-
sian integration techniques (see Carlson et al. (2012)), by which we
arrive at
1+ξCLPT(r) =
∫ d3q
(2pi)3det[ALi j]1/2
e
1
2A
L
i j(ri−qi)(r j−q j)
×
[
1− 1
2
Gi jA
loop
i j +
1
6
Γi jkW
loop
i jk + · · ·
]
, (24)
with cumulants Ai j = 〈∆i∆ j〉c and Wi jk = 〈∆i∆ j∆k〉c, and tensors
Gi j = A−1Li j − gig j, Γi jk = A−1Li jgk +A−1L jkgi+A−1Lkig j − gig jgk, and
gi j = A−1Li j(r j − q j). The label ‘L’ in the A function denotes the
linear piece and ‘loop’ the pure 1-loop piece, such that Ai j =
ALi j+A
loop
i j . Notice that the ‘1’ in the squared brackets of the above
equation corresponds to the Zeldovich correlation function and the
other two terms yield the next-to-leading order, 1-loop contribu-
tions.
To solve numerically the CLPT correlation function of equa-
tion (24) we use the code MGPT (Aviles et al. 2018),4 which also
accounts for the exact kernels for a ΛCDM background cosmology,
instead of the most commonly used Einstein-de Sitter (Ωm = 1)
kernels. Using the correct kernels can make a small, but notice-
able, difference to the power spectrum – as much as 0.8 per cent at
quasi-linear scales at z= 0.
4 RESULTS AND ANALYSIS
We use the different approaches discussed in the previous Section
to study the evolution, dilution and shift of the bump as seen in the
response functions
R(k) =
Pbump(k)
PΛCDM(k)
. (25)
That is, we use our N-body simulations, HMCODE and PT methods
as complementary tools. The results are contrasted with the lin-
ear theory, for which the response in the power spectrum is simply
RL(k) = 1+F(k) at all z because linear growth is scale indepen-
dent.
4.1 Real-space matter power spectrum
The power spectra data are extracted from the simulations using
a cloud-in-cell mass-assignment scheme, on a grid with resolu-
tion of Ngrid = 5123 cells. They are binned in 100 evenly log-
spaced k-points over a range [kmin,kNy], where kNy = Ngridpi/L is
the Nyquist frequency, and kmin = 2pi/L. L is the size of the box,
which is given in Table 1 for the different simulations. Traditionally
power spectra measured in this way are considered to be accurate
up to half of the Nyquist frequency, with the power at smaller scales
potentially corrupted by aliasing from smaller scales. In our plots
we show all measured scales, up to kNy, and the reader should keep
this in mind.
4 https://github.com/cosmoinin/MGPT
Figs. 1, 2, and 3 show the responses using the bump cosmol-
ogy from equation (9) located at the scales kT = 0.05, 0.1, and,
1hMpc−1, respectively. The non-linear power is computed using
our different methods and then divided by their counterparts in
ΛCDM to create the response function. This analysis compares
how the bump cosmologies are modified by non-linearities within
the different approaches.
As expected, at higher redshifts non-linear effects are smaller
and the responses of all methods are very similar. In the σ = 1 case
of Fig. 1 as z decreases we see two things in the simulated measure-
ments: First, at the small-scale edge of the bump we see the power
grow above the bump, an effect that is captured extremely well by
SPT and less well by HMCODE. Second, we see the generation of
a second bump at much smaller scales, with a peak k ∼ 1hMpc−1.
This second bump is well modelled by HMCODE but not captured
at all by SPT. The failure of SPT at these scales (which even pre-
dicts a decrease in the response at higher z) is not surprising given
that these scales are far beyond its reach. In Fig. 1, correspond-
ing to kT = 0.05hMpc−1, this non-linear ‘second bump’ peaks at
10 times smaller scale, k≈ 0.5hMpc−1, and reaches a maximum at
z= 0, peaking in amplitude at∼ 10, 2, and 1 per cent for the σ = 1,
0.3, and 0.1 cases respectively. For kT = 0.1, shown in Fig. 2, this
second non-linear bump is even clearer, peaking at k ≈ 1hMpc−1
for z' 0, but at smaller scales for higher redshifts. For some of our
cosmologies, this second bump is even larger than the primordial
bump. For example, it is larger for σ = 1 at both redshifts z = 0.0
and z = 0.5, contributing ≈ 18 and 16 per cent to the whole re-
sponse respectively. We note that as the width of primordial bump
decreases, the second, non-linear bump amplitude decreases. In all
cases, the location and amplitude of the non-linear bump as seen in
the simulation response is in remarkable agreement with the predic-
tions from HMCODE. For the cases of kT = 0.05 and 0.1hMpc−1,
shown in Figs. 1 and 2, HMCODE and the simulated data provide
similar results at lower redshifts and in the non-linear regime. Con-
versely, 1-loop SPT gives results closer to those obtained from
simulations at higher redshifts and in the mildly non-linear regime
(k . 0.2hMpc−1).
The non-linear bumps in the response functions are a con-
sequence of the interaction between the primordial bump and the
one-halo term, being highly enhanced for the wider bumps simply
because these provide a greater enhancement of linear power. Phys-
ically, this can be understood within the halo model (and therefore
within HMCODE) as follows: the one-halo term is given by the in-
tegral of the halo mass function multiplied by the squared Fourier-
space halo profile. The halo mass function itself is related to the
standard-deviation in the density field when smoothed over the La-
grangian radius of the halo, σR. Our bump cosmology increases
the power over a certain range of scales, such that σR will also in-
crease, and therefore so will the mass function. Hence, one effect
of the linear bump is to accelerate halo formation relative to a cos-
mology with no bump. A different way to think about this is via a
Press & Schechter (1974) type argument, where the increased am-
plitude of some modes, given here by our bump cosmology, is help-
ing more small scale fluctuations to cross over the critical thresh-
old to collapse. This occurs even when the bump is at very linear
scales as long as the width is sufficiently large, because those long
wavelength modes exist underneath the smaller-scale fluctuations
enhancing the collapse to form the actual haloes. We remark that
this is a highly non-linear effect, such that the second bump is not
well captured by PT, where the main non-linear effect is the spread-
ing and enhancement of the primordial bump.
In Fig. 3 we show the kT = 1hMpc−1 bump cosmologies. The
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Figure 1. Response functions for the bump cosmologies at kT = 0.05hMpc−1. From top to bottom, yellow curves are for redshift z = 4; magenta for z = 3;
cyan for z= 2; red for z= 1; green for z= 0.5; and blue for z= 0. The left panel shows the bump cosmology for σ = 1; middle panel for σ = 0.3; and right
panel for σ = 0.1. Dash-dotted (black) curves are for the linear theory; dashed (color) are for 1-loop SPT; solid for HMCODE model; and crosses are for the
measurement from N-body simulations.
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Figure 2. Same as Fig. 1 but for the bump cosmologies with kT = 0.1hMpc−1.
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Figure 3. Same as Fig. 1 but for the bump cosmologies with kT = 1hMpc−1.
simulated data show that the primordial bump become erased by the
non-linear evolution. Such effect is well captured by the HMCODE–
PT simply does not capture the non-linearities of the evolution of
the bump since it is far out of the reach of its regime of validity,
although at the highest redshifts it works moderately well. Interest-
ing is the non presence of the second bump, because the primordial
bump and the 1-halo term are located about the same scale.
Figs. 1, 2 and 3 demonstrate that perturbation theory provides
an accurate model for the power spectrum response at large scales,
with the accuracy extending to smaller scales at higher redshift. On
the other hand, HMCODE provides a reasonable (though less per-
fect) model for the response at the smaller scales, those typically
associated with halo formation. It does not take a great leap of the
imagination to consider combining these two approaches to pro-
vide an accurate model for the response that would be valid across
a wider range of scales. This approach has been explored in the lit-
erature previously (e.g., Mohammed & Seljak 2014; Seljak & Vlah
2015; Philcox et al. 2020), but has never been applied to the bump
cosmology specifically. It may be possible to directly add perturba-
tion theory to the halo-model, perhaps replacing the two-halo term
with some perturbative expansion, or else to use the response from
perturbation theory at one extreme and HMCODE at the other, inter-
polating between the two around some ‘non-linear’ wavenumber,
perhaps defined via σ(a/knl) = α where σ is the standard devia-
tion in the density field when smoothed on a given physical scale
and a and α are fitted constants of order unity.
4.2 Redshift-space matter power spectrum multipoles
In this Section, we study the responses of the redshift-space
monopole and quadrupole power spectra using the non-linear mod-
els Sc04 and TNS. For comparison we also use Kaiser linear the-
ory. The multipole power spectra have been extracted from the N-
body simulations using a triangular-shaped-cloud mass-assignment
function, on a grid with Ngrid = 5123 cells, using the N-BODYKIT
package5of Hand et al. (2018). The response functions are defined
for each multipole, such that R`(k) = P
bump
` (k)/P
ΛCDM
` (k).
In the top panel of Fig. 4 we show the response functions in
the monopole P0 at redshifts z = 0 and z = 1 for the bump cos-
mologies with kT = 0.05hMpc−1. We notice, as expected, that
non-linear models perform closer to the simulated data than the
linear theory in the quasi-linear regime, in the sense that the re-
sponses are closer to those from N-body simulations. However, for
k > 0.2hMpc−1 both theoretical models make deviations from the
simulated data. In the bottom panel of Fig. 4 we show the response
functions for the bump cosmologies located at kT = 0.1hMpc−1.
The behaviour of the PT methods is qualitatively similar to the
case of kT = 0.05hMpc−1, but the non-linear features of the bump
are less well captured when comparing to the simulated data. This
must be since the scale of the bump is located at the edge of the
perturbative regime of validity. This has the consequence that the
linear theory response provides a better match to the simulations
for some non-linear scales, obviously the good performance of lin-
ear theory here is only a lucky coincidence. As in real space, the
simulated data show the appearance of the non-linear second bump
at≈ 1hMpc−1, which is not present in the kT = 0.05hMpc−1 case,
even though in real space this second non-linear bump was visible
in both cases. We suggest that the reason for this is the damping
along the line-of-sight direction of the redshift-space power spec-
trum, which ultimately comes from the highly oscillatory behavior
of the correlator inside the integral of equation (11) at large k. This
redshift-space effect damps the multipoles in all bump cosmolo-
gies, but since the second (real space) bump is larger for the case of
5 https://nbodykit.readthedocs.io
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Figure 4. Responses of the monopole power spectrum at z= 0 and 1 for the bump cosmologies at kT = 0.05 (top panel) and 0.1hMpc−1 (bottom panel), with
different widths σ = 1,0.3,0.1 (from left to right). Dashed black shows the Kaiser linear theory; dashed green is for the TNS model; solid red for Sc04 model;
and the blue crosses show the simulated data.
kT = 0.1hMpc−1, it can overcome the damping and it still shows
up in the redshift-space responses.
We also show, in Fig. 5, the quadrupole redshift-space power
spectra for kT = 0.05hMpc−1 and kT = 0.1hMpc−1. Although
the simulated quadrupole measurements are noisier than for the
monopole, we note a similar trend to that predicted by the analyti-
cal approaches, most obviously for the case of kT = 0.05hMpc−1
at z= 1. We also observe that the non-linear, second bumps do not
appear in the quadrupole. We suggest that this is because this mul-
tipole gives maximum weight to the line-of-sight direction where
the damping effect occurs, while the monopole gives equal weight
to all directions.
4.3 Real-space matter correlation function
In this sub-section we compare the measured real-space correla-
tion function responses, defined as ξbump(r)/ξΛCDM(r), from both
the simulated data and the analytical correlation function calculated
according to the CLPT method. All simulated correlation functions
have been measured by employing the N-BODYKIT code, using 60
linearly spaced bins in the range 1–121h−1Mpc for the bump cos-
mologies at kT = 0.05hMpc−1, 30 bins in the range 1–61h−1Mpc
for models at kT = 0.01, and 15 bins in the range 1–31h−1Mpc for
models at kT = 1.0hMpc−1.
Fig. 6 shows the response functions for the bump at kT =
0.05hMpc−1 for four different redshifts z = 2, 1, 0.5, and 0 and
the bump cosmologies with widths σ = 1, 0.3, and 0.1. We find a
dip in the response around 85h−1Mpc, which is due to a long wave-
length modulation of the whole correlation function because of the
localized bump feature in the corresponding power spectrum. By
considering equation (9), the linear correlation function response
becomes
RL(r) = 1+
1
ξΛCDML (r)
∫ ∞
0
d3r′ξΛCDML (r′)F˜(|r− r′|), (26)
with
F˜(r) =
∫ ∞
0
dk
2pi2
k2F(k) j0(kr), (27)
where j0 is the zero-order spherical Bessel function. Hence
for scales r  k−1T we have that F˜(r) → 0 because of large
cancellations provided by j0(kr); while as r → 0, F˜(r) →
(2pi2)−1
∫
dkk2F(k), a constant that when computed turns out to
be much smaller than the correlation function at those small scales;
such that the linear response goes to unity at both large scales and
small scales limits. On the other hand, k2F(k) reaches its maximum
at scales kmax > kT , the larger the width σ , the bigger are kmax and
the maximum values k2maxF(kmax); however for larger widths, the
function k2F(k) overlaps with more oscillations and F˜(r) is sup-
pressed. The inverse transformed bump feature, F˜(r), turns out to
be a sinc-like function in real space with amplitude proportional to
the σ and first trough around rT . (3/2)pi/kT . Moreover, the afore-
mentioned effects compete and this becomes more pronounced for
the width σ = 0.3 case. Coincidentally, for the case kT = 0.05,
this trough is located at about the same scale as the dip, at about
87h−1Mpc, in the correlation function, and both reinforce each
other to produce the large dip observed in Fig. 6.
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Figure 5. As Fig. 4 but for the quadrupole response.
More generally, for the different choices of kT the changes in
the correlation-function response will follow a similar pattern, but
the wave-length modulations will be related to the characteristic
scales: For larger kT and smaller σ , the oscillations in the corre-
lation function have higher frequency and are damped at smaller
scales. This can be seen in Figs. 7 and 8, for the cases kT = 0.1 and
1hMpc−1, respectively. The main qualitative difference compared
to the kT = 0.05hMpc−1 case is that the reinforcement with the
BAO characteristic dip is not present in these cases.
The peaks and troughs are more pronounced in the lin-
ear theory since the correlation function scales simply with the
scale-independent linear growth function. On the other hand for
CLPT, even in the Zeldovich approximation, overdense regions
are partially depleted, while underdense regions populated, due
to the free-streaming of coherent matter flows over a scale set-
tled by the Lagrangian displacements 1-dimensional variance σ2Ψ=∫ ∞
0 dkPL(k)/(6pi2).6 This effect is captured very well by our numer-
ical results, and the damping in the responses become very simi-
lar for simulated data and CLPT. More remarkably for the cases
of kT = 1hMpc−1 with σ = 0.3 and 0.1, corresponding to middle
and right panels of fig. 8, where the oscillations in the power spec-
trum are practically erased. The reason for this is, of course, that
the peaks and troughs are more closer to each other and the free-
streaming of particles can cover such distances. Indeed, particles
travel, on average, a distance settled by the standard deviation of
the displacement field σΨ(z)∼ 6×D+(z)h−1Mpc with D+(z) the
6 This effect has the same origin as the smearing of the BAO peak observed
in LPT and simulations (see, e.g. Tassev 2014).
linear growth function, so the process of particles moving out from
more dense regions becomes very efficient.
5 CONCLUSIONS
Phase transitions in the dark sector are common in theories of cos-
mology beyond ΛCDM, and these leave fingerprints that are poten-
tially detectable by current and future surveys. One of these sig-
natures is the creation of enhanced features in the power spectrum
at scales where otherwise the power would be smooth. The gen-
eration of these can be understood since all k-modes entering the
horizon during the time elapsed by the phase transition suffer an
enhancement on their amplitude since adding an extra ρex increase
the growth rate of the linear matter perturbations impacting modes
k ≥ kc entering the horizon for a < ac. In this work we have fo-
cused on bumps generated in the power spectrum, motivated by the
recently proposed BDE model of de la Macorra & Almaraz (2018)
and SEOS Jaber-Bravo et al. (2020).
We have studied non-linear evolution of parametric bump cos-
mologies. We have chosen to be as model independent as possi-
ble, instead of considering bumps generated by any specific BDE
model, since we are interested in a wider range of theoretical mod-
els. We have also fixed the background cosmology to be ΛCDM to
allow us to investigate the phenomenology of bumps in isolation. In
order to do so, we have run modest-resolution N-body simulations,
which are complemented by perturbation theory models and non-
linear halo-model calculations from the HMCODE model of Mead
et al. (2015). We expect the different methods used to work over
different ranges of scales, and this complementarity is important,
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Figure 6. The real-space correlation function response: We plot ξ/ξΛCDM for bump cosmologies at kT = 0.05 in units hMpc−1 for different redshifts (z =
0.0,0.5,1.0,2.0). From top to bottom, cyan curves are for z = 2; red for z = 1; green for z = 0.5; and blue for z = 0. Right: Bumps with σ = 1.0. Middle:
Bumps with σ = 0.3. Left: Bumps with σ = 0.1. The CLPT correlations are represented by the solid lines. The plus markers denote the N-body simulations.
The black dash-dotted lines denote the linear correlation function.
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Figure 8. As Fig. 1 but for the bump cosmologies with kT = 1hMpc−1.
since although bumps can be localized at a given scale, these are
naturally spread by non-linear evolution, typically covering scales
that may be outside the range of validity of some particular method.
Bearing in mind that non-linear ΛCDM is well studied, we have
put attention to the power spectrum response, constructed as the
ratio of the power in a bump cosmology to a cosmology with no
bump, instead than on the power spectrum itself. Once an accurate
model for the response is at hand, this can be converted into an ac-
curate model for the power spectrum by multiplying by an accurate
model for the ΛCDM non-linear power spectrum. We have stud-
ied the non-linearities in both real and redshift space for the power
spectrum and how these fingerprints are translated to configuration
space in Âa˘the correlation function.
Much of the non-linear physics is understood within the HM-
CODE method in the real space power spectrum. Of particular im-
portance is the appearance of a second bump feature in the response
generated at smaller scales than the first, primordial bump. The
reason for this is a non-linear coupling of the bump and one-halo
term in the following simple mechanism: long wave-length den-
sity fluctuations are enhanced to form the bump, but at the same
time, small-scale fluctuations in regions located inside these over-
densities, corresponding to 1-halo regions in halo models, are fur-
ther amplified and can cross-over the threshold density for collapse
more easily, leading to a more efficient halo formation than in a
model without a bump. PT, on the other hand successfully follow
the data at quasilinear scales, though it fails to model the second,
non-linear bump, which is out of its reach. In redshift space this
second, non-linear bump is partially erased because of the damping
along the line-of-sight direction that is provided by the random mo-
tion of virialized regions that generate the "Fingers-of-God". Such
effect is more clear in the quadrupole, for which the second bump
is almost completely erased, since this multipole gives more weight
to the line-of-sight direction. The monopole, on the other hand, still
shows the second bump since it gives equal weight to all directions.
This redshift-space effect, being highly non-linear, is not captured
by perturbation theory, however at quasi-linear scales the simulated
data and theory predicted by using the two popular methods of
Taruya et al. (2010) and Scoccimarro (2004) behave similarly.
A localized bump in the power spectrum corresponds to os-
cillations in the correlation function with amplitude proportional to
its width and a frequency governed by its position. The effect is to
modulate the response about unity: higher wavenumbers at which
the bump is located translate to higher oscillation frequencies; and
wider bumps enhance the modulation, but are also more rapidly
damped. This basic picture is explained well within linear Eulerian
theory. By moving to Lagrangian space, we find that the signatures
in the correlation function become even more damped since coher-
ent flows have a finite probability to leave overdense regions and
populate underdense regions. This effect has the same origin as the
smearing of the BAO peak, that is well captured in LPT; and in the
bump cosmology is much more evident for large-k located bumps
with small widths, since in these cases linear theory shows up rapid
oscillations, and the displacement fields sizes, typically given by
their standard deviations, are large enough, such that particles find
the time to deplete the overpopulated regions.
In the future it would be interesting to investigate the phe-
nomenology of the bump cosmology for different bump ampli-
tudes, which is fixed at 0.15 in this paper, somewhat arbitrarily.
One could also investigate more physical examples of ‘bump’ cos-
mology, such as that generated by the physical BDE model, where
the background expansion is also changed relative to ΛCDM and
where the bump shape will not necessarily be Gaussian. Since this
was our first investigation, in this paper we focused on modelling
statistics of the matter field, which unfortunately are not direct ob-
servables. In future, it would be fruitful to consider how the statis-
tics of biased tracers of the density, such as haloes or galaxies, were
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affected by bump cosmologies. Specifically, we suspect that there
may be interesting signatures generated in the halo bias and that
these could be understood using Press & Schechter (1974) argu-
ments in a similar way to how we could explain the generation of
the ‘second bump’ feature in the matter power spectrum. Of course,
one could also investigate higher-order statistics, or statistics of
transformed versions of the density fields (e.g., Simpson et al. 2011;
White 2016). On the theory side, it may be interesting to see if Ef-
fective Field Theory (EFT) Baumann et al. (2012) could be used
to extend the reach of perturbation theory. Compared to SPT, EFT
simply adds a term −c2s k2PL(k) to the power spectrum, with fitted
effective speed of sound c2s , and this extra freedom may allow for
a joint EFT-halo model approach to accurately model the response
across all scales.
Summarizing, in this work we have used non-linear methods
to study the fingerprints that may be left by cosmological models
on which the dark energy suffers phase transitions, and have the
potential to be detectable by current and future galaxy surveys.
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